The schematic optical realization of deterministic multicopy (three-copy) entanglement concentration under local operations and classical communication (LOCC) is presented, which can resort to the linear optical elements, controlled-NOT gate that uses weak cross-Kerr nonlinearity effect and entangled qudits with different degrees of freedom. This concentration is based on Nielsen's theorem, which in principle quantifies the unit success probability. In addition, the required positive operator-valued measurement (POVM) is implemented through direct sum extension, because the least number of ancillary dimensions is demanded. The construction of POVM is systematically formulated, which results in the feasibility to generate the protocol to -copy ( > 3) cases. Quantum entanglement, especially the maximally entangled state, is expected to play a pivotal role for applications in quantum computation and communication.
Quantum entanglement, especially the maximally entangled state, is expected to play a pivotal role for applications in quantum computation and communication. [1−4] In particular, photons are ideal means for quantum communication due to its highspeed transmission and prominent low-noise properties. However, in reality, the high-quality entanglement is easily degraded because of the decoherence during storage or transmission of photons. Methods have been proposed to implement faithful quantum communication between remotely located parties, including entanglement purification protocols (EPPs) and entanglement concentration protocols (ECPs) which have been achieved through Schmidt projection, [5] quantum swapping, [6] linear optics, [7] cross-Kerr nonlinearity [8−10] and cavity QED [11] that call for a high-Q cavity in comparison with the ECP based on photonic Faraday rotation that depends on merely low-Q cavity. [12] Taking into account the probabilistic property of all the ECPs mentioned above and the requirement of realizing entanglement concentration without gambling, deterministic entanglement concentration may be significantly preferable in this scenario. Fortunately, the feasibility of deterministic ECP based on Nielsen's theorem has been proved and the explicit protocol has been proposed by Morikoshi et al., [13] which is pairwise and has been improved by Gu et al., [14] where the POVM is formulated specifically and Li et al., [15] where the generalized measurement is re-constructed based on the direct sum extension and the corresponding optical realization is proposed. Nevertheless, these protocols remain difficult to be generalized to multicopy situations.
In this Letter, we propose a schematic realization of deterministic three-copy entanglement concentration which is systematically formulated and is straightforward to be generalized to -copy ( > 3) situations. According to Neumark's theorem, when implementing a POVM, one needs to firstly extend the Hilbert space on which the POVM acts, and then entangle the degrees of freedom of the initial systems with those of the ancilla, and finally, perform a projective measurement on the extended Hilbert space. In this study, in order to minimize the ancillary dimensions, the original Hilbert space is extended by direct sum extension (DSE) which is optimal. [17] In addition, the unused extra dimensions of the original system, which more specifically are spatial modes and the frequency of photons, are introduced to be the ancillas rather than introducing new particles in order to minimize the controlled operations between different photons, since photonic entanglement in various degrees of freedom such as polarization, [18] spatial modes [19, 20] and frequency, [21] has already been frequently used as quantum information carriers theoretically and experimentally. Noting that the setup in Ref. [22] via a distinct spatial light modulator realizes photonic entanglement of up to 21 dimensions, the realization of the expansion in this work is viable. Now we proceed to address the deterministic threecopy entanglement concentration protocol and meanwhile discuss its optical realization. Suppose that Alice and Bob share three pairs of partially entangled states, of which the coefficients are not required to be identical. Thus, the initial state tends to be
where the two basis |0⟩ and |1⟩ of the initial state space are encoded by polarization and represent the horizontal and vertical one, respectively. According to the completeness of POVM operator { } acting on the subsystem
and Nielsen's theorem [23, 24] which demonstrates that entangled state | ⟩ AB can be transformed into | ⟩ AB iff ≺ , which means
The generalized measurement operator { } is proved to be
and = ( ) = ⟨ | † | ⟩ is equivalent to the probability that the distinct outcome occurs after the measurement performed by Alice. In this study, we deal with the most significant situation, which means that the coefficients satisfy 1 2 3 < 1/4, and according to Nielsen's theorem, two pairs of maximally entangled states can be distilled. Thus, the permutation matrices are constructed as follows: when 0 ≤ < 4, the matrix transposes the ( + 1)th and ( + 5)th matrix elements; when 4 ≤ < 7, the (8 − )th and (11 − )th matrix elements are transposed; when = 7, we set the permutation matrix to be the identity matrix. Since
T , and = (1/4, 1/4, 1/4, 1/4, 0, 0, 0, 0) T in our protocol, according to Eqs. (1) and (2), the explicit value of and correspondingly the matrix elements of the generalized measurement operators { } are obtained. [16] As for its implementation, we adopt the DSE method which calls for the least added dimensions, which, according to Ref. [17] , requires a = 24 auxiliary dimensions in this study to carry out the POVM, while the tensor product extension needs at least 56 auxiliary dimensions. for dividing the initial state into four parts with different probability amplitudes. Four WDMs are used to guide the photon to distinct paths according to different frequencies. [26] refers to the C-NOT gate as shown in Ref. [27] , which is nearly deterministic, resorting to the weak cross-Kerr nonlinearities. Polarization beam splitters (PBS) are used to transmit the horizontal polarization component and reflect the vertical component. In addition, it is supposed that the initial frequency of photon 1 is 1 and it could be converted to 2 by acoustic optical modulator (AOM). HWP 90 can rotate the polarization of the state by 90 ∘ . With this setup, photon 1 is projected into an orthogonal Hilbert space With respect to its optical realization, the Hilbert space of particle 1 is then extended into 1 ≡ {|0⟩, |1⟩, |2⟩, |3⟩, |4⟩, |5⟩, |6⟩, |7⟩} by introducing two extra degrees of freedom: spatial mode and frequency, since both spatial modes and frequency are significantly stable during a quantum-signal transmission. [25] To simplify the realization procedure, we transfer the identifications of polarization and frequency to the spatial mode. Thus, the state bases {| ⟩, = 0, . . . , 7} of the original state space A1 are encoded as {| 1 +1 ⟩, = 0, . . . , 7}, where denotes the particular spatial mode. After redefining the bases, the initial state of the entire system can be expressed as
Since Bob does not perform any operation until the last stage of the whole concentration process, here we only express the state of the subsystem owned by Alice to simplify the statement. This extension can be achieved via mainly the linear optical devices, of which the schematic setup is shown in Fig. 1 . Setup for the realization of evolution (6) . After the evolution, the operation is implemented on the resultant states {|
⟩} on different sub-paths, where the states encoded with the same value of = ⌊ /4⌋ are recombined into the same path =⌊ /4⌋ by the single-photon interference, ⌊ /4⌋ means the largest integer equal to or less than | /4|. Finally, photon 1 in path =⌊ /4⌋ , is detected by the single photon detector =⌊ /4⌋ . Angles of polarization rotators 1 ( = 1, 2,. . .,6) are defined as tan 1 1 =
In the following, we specify the explicit implementation of the POVM through DSE. According to Neumark's theorem, we firstly extend 1 and entangle it with the auxiliary system by performing a unitary operation as follows:
where , represents elements of the matrix , and {| ⟩}( = 0, 1, . . . , 31) is a set of normalized and orthogonal bases of the whole extended space. The first 8 columns of are constituted of the elements of { } in Eq. (2), which need to be reorganized according to Ref. [16] 
with
where ( ) denotes the ( + 1)th entry of the positive vector . Elements for the remaining columns can then be constructed to meet the unitary requirement.
Correspondingly, the basis | ⟩ in Eq. (4) is encoded as {|
, and ⌊ ⌋ means the largest integer equal to or less than ), where like the first step, distinguishabilities of polarization and frequency are transferred to spatial modes. Thus, the evolutions state (3) undergoes when implementing the generalized measurement is as follows:
, we obtain −1 = 0. In the next stage, Bob implements the unitary operations on his subsystem, conditional upon Alice's measurement result, which is trivial and merely involves the permutation operation interchange on the bases {| ⟩, = 0, . . . , 7}. Taking a concrete example, the state detected by 0 can be expressed as
Then Bob performs the following operation 
after which the resultant state becomes 1/2|0⟩ 1 ⊗ (|00⟩ + |11⟩) 2 2 ⊗ (|00⟩ + |11⟩) 3 3 . Eventually, the state that is detected by ⌊ /4⌋ and undergoes the transformation introduced by Bob collapses into 1/2|0⟩ 1 ⊗ (|00⟩ + |11⟩) 2 2 ⊗ (|00⟩ + |11⟩) 3 3 and the concentration is accomplished. It is evident that the success probability is unit.
In conclusion, we have proposed an optical scheme by which one can realize the deterministic three-copy entanglement concentration under LOCC via linear optical elements, controlled-NOT gate that uses a weak cross-Kerr nonlinearity effect and entangled qudits with different degrees of freedom which has been experimentally demonstrated in recent years, [18] [19] [20] [21] [22] 29] though at present, the performance of a clean crossKerr nonlinearity is still hardly feasible in experiment. Fortunately, the construction of the controlled-NOT gate in our scheme only calls for the weak nonlinearity with a specified constraint:
2 ∼9, which decreases the difficulty of its implementation. What's more, for realistic pumps with mean photon number per pulse of the order of 10 12 , the constraint should be sufficient to be satisfied. [27] Furthermore, to minimize the difficulty due to the controlled operation between photons and the complicacy of the protocol, the entangled qudits and direct sum extension are exploited, because the least number of ancillary dimensions is required to make the protocol to be optimal. [17] Noticeably, since the protocol is systematically formulated, it can be further generated to the multi-copy ( > 3) cases.
